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Abstract
We study the Cauchy problem for a multidimensional scalar conserva-
tion law with merely continuous flux vector in the class of Besicovitch al-
most periodic functions. The existence and uniqueness of entropy solutions
are established. We propose also the necessary and sufficient condition for
the decay of almost periodic entropy solutions as time t→ +∞.
1 Introduction
In the half-space Π = R+ × R
n, R+ = (0,+∞), we consider the Cauchy problem
for a first order multidimensional conservation law
ut + divxϕ(u) = 0 (1.1)
with initial data
u(0, x) = u0(x). (1.2)
The flux vector ϕ(u) is supposed to be only continuous:
ϕ(u) = (ϕ1(u), . . . , ϕn(u)) ∈ C(R,R
n).
Assume that u0(x) ∈ L
∞(Rn). Then the notion of entropy solution of (1.1), (1.2)
in the sense of S.N. Kruzhkov [6] is well-defined.
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Definition 1.1. A bounded measurable function u = u(t, x) ∈ L∞(Π) is called
an entropy solution (e.s. for short) of (1.1), (1.2) if for all k ∈ R
|u− k|t + divx[sign(u− k)(ϕ(u)− ϕ(k))] ≤ 0 (1.3)
in the sense of distributions on Π (in D′(Π));
ess lim
t→0
u(t, ·) = u0 in L
1
loc(R
n).
Condition (1.3) means that for all non-negative test functions f = f(t, x) ∈
C10(Π) ∫
Π
[|u− k|ft + sign(u− k)(ϕ(u)− ϕ(k)) · ∇xf ]dtdx ≥ 0
(here · denotes the inner product in Rn).
It is known that e.s. is always exists (see [7, 13, 16] ) but, in the case under
consideration when the flux functions are merely continuous, this e.s. may be
nonunique (see examples in [7, 8]). Nevertheless, if initial function is periodic (at
least in n−1 independent directions), the uniqueness holds: an e.s. of (1.1), (1.2)
is unique and space-periodic, see the proof in [14, 15, 16].
It is also well-known (see for instance [16, Proposition 1]) that initial require-
ment can be included in the single integral entropy inequality: for all nonnegative
test functions f = f(t, x) ∈ C10 (Π¯), where Π¯ = [0,+∞)× R
n, for all k ∈ R
∫
Rn
|u0(x)−k|f(0, x)dx+
∫
Π
[|u−k|ft+sign(u−k)(ϕ(u)−ϕ(k)) ·∇xf ]dtdx ≥ 0,
(1.4)
that is, u = u(t, x) is an e.s. of (1.1), (1.2) if and only if u satisfies relation (1.4).
We will essentially rely on the following mean L1-contraction property. Denote
by CR the cube
{ x = (x1, . . . , xn) ∈ R
n | |x|∞ = max
i=1,...,n
|xi| ≤ R/2 }, R > 0
and let
Np(u) = lim sup
R→+∞
(
R−n
∫
CR
|u(x)|pdx
)1/p
, p ≥ 1,
be the mean Lp-norm of a function u(x) ∈ L∞(Rn).
Proposition 1.1 (mean L1-contraction property). Let u(t, x), v(t, x) ∈ L∞(Π)
be e.s. of (1.1), (1.2) with initial functions u0(x), v0(x), respectively. Then for
almost every (a.e.) t > 0
N1(u(t, ·)− v(t, ·)) ≤ N1(u0 − v0). (1.5)
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Proof. Applying Kruzhkov doubling of variables method, we obtain the relation
(see [6, 13, 16])
|u− v|t + divx[sign(u− v)(ϕ(u)− ϕ(v))] ≤ 0 in D
′(Π). (1.6)
Let ρ(s) ∈ C∞0 (R) be a function such that supp ρ(s) ⊂ [0, 1], ρ(s) ≥ 0,∫ +∞
−∞
ρ(s)ds = 1. We set for ν ∈ N
δν(s) = νρ(νs), θν(t) =
∫ t
0
δν(s)ds =
∫ νt
0
ρ(s)ds.
Obviously, the sequence δν(s) converges as ν →∞ to the Dirac δ-measure weakly
in D′(R) while the sequence θν(t) pointwise converges to the Heaviside function.
If t1 > t0 > 0 then the function χν(t) = θν(t − t0) − θν(t − t1) ∈ C
∞
0 (R
+), 0 ≤
χν(t) ≤ 1, and the sequence χν(t) pointwise converges as ν →∞ to the indicator
function χ(t) of the interval (t0, t1]. We choose the function g(y) ∈ C
∞
0 (R
n)
with the properties: 0 ≤ g(y) ≤ 1, g(y) ≡ 1 in the cube C1, g(y) ≡ 0 in the
complement of the cube Ck, k > 1 ( so that supp g(x) ⊂ Ck ). Applying relation
(1.6) to the test function f = R−nχν(t)g(x/R), where R > 0, we arrive at∫ ∞
0
(
R−n
∫
Rn
|u(t, x)− v(t, x)|g(x/R)dx
)
(δν(t− t0)− δν(t− t1))dt+
R−n−1
∫
Π
sign(u− v)(ϕ(u)− ϕ(v)) · ∇yg(x/R)χν(t)dtdx ≥ 0. (1.7)
Define the set
F = { t > 0 | (t, x) is a Lebesgue point of |u(t, x)− v(t, x)| for a.e. x ∈ Rn }.
By the technical Lemma 4.1, placed in Appendix, F ⊂ R+ is a set of full Lebesgue
measure and each t ∈ F is a Lebesgue point of the functions
IR(t) = R
−n
∫
Rn
|u(t, x)− v(t, x)|g(x/R)dx
for all R > 0 and all g(y) ∈ C0(R). Now we suppose that t0, t1 ∈ F and pass in
(1.7) to the limit as ν →∞. As a result, we obtain the inequality
IR(t1) ≤ IR(t0) +R
−n−1
∫
Π
sign(u− v)(ϕ(u)− ϕ(v)) · ∇yg(x/R)χ(t)dtdx.
From this inequality and the initial conditions it follows in the limit as F ∋ t0 → 0
that for all t = t1 ∈ F
IR(t) ≤ IR(0) +R
−n−1
∫
(0,t)×Rn
sign(u− v)(ϕ(u)− ϕ(v)) · ∇yg(x/R)dtdx, (1.8)
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where IR(0) = R
−n
∫
Rn
|u0(x)− v0(x)|g(x/R)dx. Making the change y = x/R in
the last integral in (1.8), we obtain the estimate
R−n−1
∣∣∣∣
∫
(0,t)×Rn
sign(u− v)(ϕ(u)− ϕ(v)) · ∇yg(x/R)dtdx
∣∣∣∣ ≤
R−1‖ϕ(u)− ϕ(v)‖∞
∫
(0,t)×Rn
|∇yg|(y)dtdy →
R→+∞
0. (1.9)
Here we denote by |v| the Euclidean norm of a finite-dimensional vector v. Fur-
ther, by the properties of g(y), for all t ≥ 0
R−n
∫
CR
|u(t, x)− v(t, x)|dx ≤ IR(t) ≤
R−n
∫
CkR
|u(t, x)− v(t, x)|dx = kn(kR)−n
∫
CkR
|u(t, x)− v(t, x)|dx,
which implies that
N1(u(t, ·)− v(t, ·)) ≤ lim sup
R→+∞
IR(t) ≤ k
nN1(u(t, ·)− v(t, ·)). (1.10)
With the help of relations (1.9), (1.10), we derive from (1.8) in the limit as
R→ +∞ that N1(u(t, ·)− v(t, ·)) ≤ k
nN1(u0− v0) for all t ∈ F . To complete the
proof, it only remains to notice that k > 1 is arbitrary.
Remark 1.1. As was established in [17, Corollary 7.1], after possible correction
on a set of null Lebesgue measure, any e.s. u(t, x) is continuous on [0,+∞) as a
map t → u(t, ·) ∈ L1loc(R
n). Hence, without loss of generality, we may suppose
that every e.s. satisfies the property u(t, ·) ∈ C([0,+∞), L1loc(R
n)). Then the
statement of Proposition 1.1 holds for all t > 0. The continuity assumption also
allows to replace the essential limit in the initial requirement of Definition 1.1 by
the usual limit.
Denote by L∞0 (R
n) the kernel of the seminorm N1, that is, L
∞
0 (R
n) consists
of bounded measurable functions u = u(x) such that N1(u) = 0. From Proposi-
tion 1.1 it readily follows the weak uniqueness property.
Corollary 1.1. If u(t, x), v(t, x) are e.s. of problem (1.1), (1.2) with initial data
u0(x), v0(x), respectively, and v0 − u0 ∈ L
∞
0 (R
n), then v(t, ·) − u(t, ·) ∈ L∞0 (R
n)
for a.e. t > 0.
We may consider problem (1.1), (1.2) as the Cauchy problem in the quotient
space L∞(Rn)/L∞0 (R
n). In view of Corollary 1.1, an e.s. of this problem is unique.
The aim of the present paper is investigation of the well-posedness of problem
(1.1), (1.2) in the class of Besicovitch almost periodic functions. Recall, ( see
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[2, 10] ) that Besicovitch space is the closure of trigonometric polynomials, i.e.,
finite sums
∑
aλe
2piiλ·x, with i2 = −1, λ ∈ Rn, in the quotient space Bp(Rn) =
Bp(Rn)/Bp0(R
n), where
Bp(Rn) = {u ∈ Lploc(R
n) | Np(u) < +∞}, B
p
0(R
n) = {u ∈ Lploc(R
n) | Np(u) = 0}.
The space Bp(Rn) is equipped with the norm ‖u‖p = Np(u) (we identify classes
in the quotient space and their representatives). The space Bp(Rn) is a Banach
space, it is isomorphic to the completeness of the space AP (Rn) of Bohr almost
periodic functions with respect to the norm Np.
It is known [2] that for each u ∈ Bp(Rn) there exist the mean value
−
∫
Rn
u(x)dx
.
= lim
R→+∞
R−n
∫
CR
u(x)dx
and the Bohr-Fourier coefficients
aλ = −
∫
Rn
u(x)e−2piiλ·xdx, λ ∈ Rn.
The set
Sp(u) = { λ ∈ Rn | aλ 6= 0 }
is called the spectrum of an almost periodic function u. It is known [2] that
the spectrum Sp(u) is at most countable. Denote by M(u) the smallest additive
subgroup of Rn containing Sp(u) (notice that M(u) is countable whenever it is
different from the zero subgroup).
Our first result is the following
Theorem 1.1. Let u0(x) ∈ B
1(Rn) ∩ L∞(Rn) be a bounded Besicovitch almost
periodic function, and u(t, x) be an e.s. of problem (1.1), (1.2). Then, after
possible correction on a set of null measure, u(t, ·) ∈ C([0,+∞),B1(Rn)) ∩ L∞(Π)
and for all t > 0 M(u(t, ·)) ⊂M(u0).
The next our result concerns the decay property of e.s. as the time t→ +∞.
Theorem 1.2. Assume that
∀ξ ∈M0
.
= M(u0), ξ 6= 0 the functions u→ ξ · ϕ(u)
are not affine on non-empty intervals (1.11)
(the linear non-degeneracy condition). Then
lim
t→+∞
−
∫
Rn
|u(t, x)− C|dx = 0, where C = −
∫
Rn
u0(x)dx. (1.12)
Moreover, condition (1.11) is exact: if it fails, then there exists an initial function
u0 ∈ B
1(Rn) ∩ L∞(Rn) such that Sp(u0) ⊂ M0 and the e.s. of (1.1), (1.2) does
not satisfy the decay property (1.12).
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Notice that for periodic initial data u0(x) with the lattice of periods L ⊂ R
n
the group M0 coincides with the dual lattice L
′ = { ξ ∈ Rn | ξ · x ∈ Z ∀x ∈ L },
and the result of Theorem 1.2 reduces to the decay property for periodic e.s. from
[18]: the linear non-degeneracy condition
∀ξ ∈ L′, ξ 6= 0 the function u→ ξ · ϕ(u)
is not affine on non-empty intervals (1.13)
is necessary and sufficient for the decay of every space-periodic (with the lattice
of periods L) e.s. u(t, x):
lim
t→+∞
∫
Tn
|u(t, x)− C|dx = 0, C =
∫
Tn
u0(x)dx. (1.14)
Here Tn = Rn/L is a torus ( which can be identified with the fundamental
parallelepiped
P = { x =
n∑
i=1
αiei | αi ∈ [0, 1), i = 1, . . . , n },
where ei, i = 1, . . . , n is a basis in L ), dx is the normalized Lebesgue measure on
Tn. Notice that for a periodic function w(x) ∈ L1(Tn)
−
∫
Rn
w(x)dx =
1
|P |
∫
P
w(x)dx =
∫
Tn
w(x)dx,
where |P | denote the Lebesgue measure of P . If the lattice of periods is not
fixed and may depend on a solution, the decay property holds under the stronger
assumption
∀ξ ∈ Rn, ξ 6= 0, the function u→ ξ · ϕ(u)
is not affine on non-empty intervals. (1.15)
This result generalizes the decay property established by G.-Q. Chen and H. Frid
[3] under the conditions ϕ(u) ∈ C2(R,Rn) and
∀(τ, ξ) ∈ Rn+1, (τ, ξ) 6= 0, meas { u ∈ R | τ + ϕ′(u) · ξ = 0 } = 0 (1.16)
(by measA we denote the Lebesgue measure of a measurable set A). Obviously,
condition (1.15) is strictly weaker than (1.16) even in the case of smooth flux
ϕ(u). For completeness sake we confirm it by the following simple example.
Example 1.1. Let n = 1, A ⊂ [0, 1] be a closed nowhere dense set of positive
Lebesgue measure (a so-called fat Cantor set). There exists a smooth function
ϕ(u) ∈ C∞(R) such that A = ϕ−1(0) and ϕ(u) is not affine on non-empty inter-
vals. For instance, we may define ϕ(u) = e−
1
(u−a)(b−u) on each component interval
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(a, b) of the complement R \ A (in the cases when a = −∞ or when b = +∞ we
set ϕ(u) = e
− 1
(b−u) , ϕ(u) = e
− 1
(u−a) , respectively), and set ϕ(u) = 0 for u ∈ A.
Obviously, the function ϕ(u) satisfies condition (1.15) (notice that A does not
contain any interval) but, since A ⊂ { u ∈ R | ϕ′(u) = 0 }, condition (1.16) fails.
Remark 1.2. In the case when the flux vector ϕ(u) satisfies the Lipschitz con-
dition on any segment in R, an e.s. u(t, x) of (1.1), (1.2) exhibits the property of
finite speed of propagation, which implies in particular that for all p, q ∈ Rn and
t > 0∫
CR
|u(t, x+ p)− u(t, x+ q)|dx ≤
∫
CR+Lt
|u0(x+ p)− u0(x+ q)|dx, (1.17)
where R > 0, and L is the Lipschitz constant of ϕ(u) on the segment [−M,M ],
M = ‖u‖∞.
Suppose that the initial data u0(x) is a Stepanov almost periodic function (see
the definition in [2, 10]). It readily follows from (1.17) that u(t, ·) is a Stepanov
almost periodic function as well for all t > 0. The decay property (1.12) for
such solutions was established in [4] under non-degeneracy condition (1.16) (with
smooth flux) and rather restrictive assumptions on the dependence of the length
of inclusion intervals for ε-almost periods of u0 on the parameter ε.
In the present paper we remove all these unnecessary assumptions and prove
the decay property under exact condition (1.11) for general equation (1.1) with
merely continuous flux and with arbitrary Besicovitch almost periodic initial
data ( notice that Stepanov almost periodic functions are strictly embedded in
B1(Rn) ).
2 Initial data with finite spectrum. Reduction
to the periodic case
In this section we study the case when u0(x) =
∑
λ∈Λ
aλe
2piiλ·x is a trigonometric
polynomial. Here Λ = Sp(u0) ⊂ R
n is a finite set. We assume that u0(x) is a real
function, this means that −Λ = Λ and a−λ = aλ (as usual, z¯ denotes the complex
conjugate to z ∈ C). The minimal additive subgroup M0
.
= M(u0) containing Λ
is a finite generated torsion free abelian group and therefore it is a free abelian
group of finite rank (see [9]). Thus, there exists a basis λj ∈ M0, j = 1, . . . , m.
Every element λ ∈ M0 can be uniquely represented as λ = λ(k¯) =
m∑
j=1
kjλj ,
k¯ = (k1, . . . , km) ∈ Z
m. In particular, vectors λj, j = 1, . . . , m, are linearly
independent over the field of rational numbers Q. We introduce the finite set
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J = { k¯ ∈ Zm | λ(k¯) ∈ Λ }. Then we can represent the initial function as follows
u0(x) =
∑
k¯∈J
ak¯e
2pii
∑m
j=1 kjλj ·x, ak¯
.
= aλ(k¯).
By this representation we find that u0(x) = v0(y(x)), where
v0(y) =
∑
k¯∈J
ak¯e
2piik¯·y
is a periodic function in Rm with the standard lattice of periods Zm, and y(x) is a
linear map from Rn into Rm defined as yj = λj · x =
n∑
k=1
λjkxk, λjk, k = 1, . . . , n,
being coordinates of the vector λj , j = 1, . . . , m. We consider the conservation
law
vt + divyϕ˜(v) = 0, v = v(t, y), t > 0, y ∈ R
m, (2.1)
with the flux functions
ϕ˜j(v) =
n∑
k=1
λjkϕk(v) ∈ C(R), j = 1, . . . , m.
By results [14, 15, 16] there exists a unique e.s. v(t, y) ∈ L∞(R+ × R
m) of the
Cauchy problem for (2.1) with initial data v0(y), and this e.s. is y-periodic:
v(t, y + e) = v(t, y) a.e. in R+ × R
m for all e ∈ Zm. Moreover, in view of [17,
Corollary 7.1], we may assume that v(t, ·) ∈ C([0,+∞), L1(Tm)), where Tm =
Rm/Zm is an m-dimensional torus ( it may be identified with the fundamental
cube [0, 1)m in Rm ).
Theorem 2.1. For a.e. z ∈ Rm the function u(t, x) = v(t, z+ y(x)) is an e.s. of
(1.1), (1.2) with initial function v0(z + y(x)).
Proof. Firstly notice that the function v(t, y) is an e.s. of the Cauchy problem for
equation (2.1) considered in the half-space t > 0, (y, x) ∈ Rm+n, with initial data
v0(y) (we just attach the additional variables x). We make the non-degenerate
linear change of variables (z, x) → (y, x), with y = z + y(x). After this change
the function u(t, z, x) = v(t, z + y(x)) satisfies for each k ∈ R the relation
|u− k|t + divx[sign(u− k)(ϕ(u)− ϕ(k))] =
|v − k|t +
n∑
l=1
m∑
j=1
[sign(v − k)(ϕl(v)− ϕl(k))]yj
∂yj(x)
∂xl
=
|v − k|t +
m∑
j=1
n∑
l=1
[sign(v − k)(ϕl(v)− ϕl(k))]yjλjl =
|v − k|t +
m∑
j=1
[sign(v − k)(ϕ˜j(u)− ϕ˜j(k))]yj ≤ 0 in D
′(R+ × R
m+n).
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It is clear that this function satisfies also the initial condition
lim
t→0+
u(t, z, x) = u0(z, x)
.
= v0(z + y(x)) in L
1
loc(R
m+n).
Thus, u(t, z, x) is an e.s. of the modified problem (1.1), (1.2) in the extended
domain R+×R
m+n. Define the set E ⊂ Rm consisting of z ∈ Rm such that (t, z, x)
is a Lebesgue point of u(t, z, x) for almost all (t, x) ∈ Π. Then the set E has full
Lebesgue measure in Rm. We demonstrate that for fixed z0 ∈ E the function
u(t, z0, x) is an e.s. of (1.1), (1.2) with initial function u0(z0, x). For that, we
have to verify integral relation (1.4). Let us take a test function f(t, x) ∈ C10(Π¯),
f(t, x) ≥ 0, and set fν(t, z, x) = f(t, x)gν(z − z0), where the sequence gν(y) =∏m
j=1 δν(yj), ν ∈ N, is an approximate unit in R
m ( so that it weakly converges as
ν →∞ to the Dirac δ-function in D′(Rm) ), the functions δν(s) were defined in the
proof of Proposition 1.1 above. Obviously, f = fν(t, z, x) ∈ C
1
0([0,+∞)×R
m+n),
fν(t, z, x) ≥ 0. Taking f = fν(t, z, x) in relation (1.4) for the e.s. u(t, z, x), we
obtain that for each k ∈ R
∫
Rm
(∫
Rn
|u0(z, x)− k|f(0, x)dx
)
gν(z − z0)dz +
∫
Rm
(∫
Π
[|u(t, z, x)− k|ft(t, x) + sign(u(t, z, x)− k)×
(ϕ(u(t, z, x))− ϕ(k)) · ∇xf(t, x)]dtdx
)
gν(z − z0)dz ≥ 0. (2.2)
Let M = ‖u‖∞,
ω(σ) = sup
u,v∈[−M,M ],|u−v|<σ
|ϕ(u)− ϕ(v)|
be the continuity modulus of the vector ϕ(u) on the segment [−M,M ]. Then, as
is easy to verify, for all u, v ∈ [−M,M ], k ∈ R
| sign(u− k)(ϕ(u)− ϕ(k))− sign(v − k)(ϕ(v)− ϕ(k))| ≤
2ω(|u− v|) ≤ 2
ω(ε)
ε
|u− v|+ 2ω(ε) ∀ε > 0. (2.3)
Indeed, since the function ω(σ) is not decreasing and sub-additive, then for every
r ≥ 0
ω(r) ≤ ω((m+ 1)ε) ≤ (m+ 1)ω(ε) ≤
ω(ε)
ε
r + ω(ε),
where integer m ≥ 0 satisfies the requirement mε ≤ r < (m+1)ε. Since ω(ε)→ 0
as ε→ 0, it easily follows from (2.3) that any Lebesgue point of u(t, z, x) is also
a Lebesgue point of the vector-functions sign(u(t, z, x)− k)(ϕ(u(t, z, x))−ϕ(k)),
as well as the functions |u(t, z, x)− k|.
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Then, in view of Lemma 4.1 in Appendix, z0 ∈ E is a Lebesgue point of the
functions
I0(z)
.
=
∫
Rn
|u0(z, x)− k|f(0, x)dx, I(z)
.
=
∫
Π
[|u(t, z, x)− k|ft(t, x) +
sign(u(t, z, x)− k)(ϕ(u(t, z, x))− ϕ(k)) · ∇xf(t, x)]dtdx
(the function I0(z) is even continuous). Therefore, it follows from (2.2) in the
limit as ν →∞ that I0(z0) + I(z0) ≥ 0, i.e.,∫
Rn
|u0(z0, x)− k|f(0, x)dx+
∫
Π
[|u(t, z0, x)− k|ft(t, x) +
sign(u(t, z0, x)− k)(ϕ(u(t, z0, x))− ϕ(k)) · ∇xf(t, x)]dtdx ≥ 0
for each k ∈ R and all nonnegative test functions f(t, x) ∈ C10(Π¯). Hence, the
function u = u(t, z0, x) satisfies (1.4) with u0 = u0(z0, x) and therefore it is an
e.s. of (1.1), (1.2) with initial function u0 = v0(z0 + y(x)) for all z0 from the set
E of full measure. The proof is complete.
The additive group Rn acts on the torus Tm = Rm/Zm by the shift trans-
formations Sxz = z + y(x). By linearity of y(x), Sx1+x2 = Sx1Sx2 , so that Sx,
x ∈ Rm is an m-parametric group of measure preserving transformations of Tm.
We demonstrate that this action is ergodic. Let A ⊂ Tm be a measurable invari-
ant set, and χA(y) =
∑
k¯∈Zm
ak¯e
2piik¯·y be the Fourier series for the indicator function
χA(y) of the set A. Since this function is invariant, then χA(z) = χA(z + y(x))
for all x ∈ Rn, and
ak¯ =
∫
Tm
χA(z)e
−2piik¯·zdz =
∫
Tm
χA(z + y(x))e
−2piik¯·zdz =
∫
Tm
χA(y)e
−2piik¯·(y−y(x))dy = e2piik¯·y(x)
∫
Tm
χA(y)e
−2piik¯·ydy = e2piik¯·y(x)ak¯. (2.4)
Assume that ak¯ 6= 0. Then it follows from (2.4) that e
2piik¯·y(x) = 1 for all x ∈ Rn,
which readily implies the relation
m∑
j=1
kjλj = 0, where kj, j = 1, . . . , m, are the
coordinates of k¯. Since the vectors λj , j = 1, . . . , m, form a basis in M0, we
derive that all kj = 0, that is, k¯ = 0. Thus, only one Fourier coefficient a0 may
be different from zero. This yields χA(y) ≡ c = const. It is clear that c = 0 or
c = 1, which means that m(A) = 0 or m(A) = 1, where m = dy is the Lebesgue
measure on the torus Tm. Thus, the action Sxz = z + y(x) of the group R
n on
the torus Tm is ergodic. By the variant of Birkhoff individual ergodic theorem
[5, Chapter VIII] for each w(y) ∈ L1(Tm) for almost all z ∈ Tm there exists the
mean value
−
∫
Rn
w(z + y(x))dx =
∫
Tm
w(y)dy. (2.5)
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Moreover, if w(y) ∈ C(Tm), then (2.5) holds for all z ∈ Tm (this follows from
uniform continuity of w(z + y(x)) with respect to the variables z ∈ Rm) and
wz(x)
.
= w(z + y(x)) are Bohr almost periodic functions for all z ∈ Tm.
Now we are ready to prove our Theorems 1.1, 1.2 in the case when u0(x) has
finite spectrum. Recall thatM0 is the minimal additive subgroup of R
n containing
Sp(u0).
Theorem 2.2. Suppose that u(t, x) is an e.s. of (1.1), (1.2) with initial function
u0(x) being a trigonometric polynomial. Then u(t, x) ∈ C([0,+∞),B
1(Rn)) ∩
L∞(Π) and Sp(u(t, ·)) ⊂ M0 for all t > 0. Moreover, if for all ξ ∈ M0, ξ 6= 0,
the functions u→ ξ · ϕ(u) are not affine on non-empty intervals, then the decay
property (1.12) holds.
Proof. As above, we introduce the periodic function v0(y) on R
m, where m is
the rank of M0, and an e.s. v(t, y) ∈ C([0,+∞), L
1(Tm)) ∩ L∞(R+ × R
m) of
the Cauchy problem for (2.1) with initial data v0(y). By Theorem 2.1 there
exists a set E1 ⊂ R
m of full Lebesgue measure such that for all z ∈ E1 the
function uz(t, x) = v(t, z + y(x)) is an e.s. of (1.1), (1.2) with initial function
uz0(x) = v0(z+y(x)). Here the linear map y(x) was defined before the formulation
of Theorem 2.1 above. Let
vr(t, y) =
∫
Tm
v(t, z)Φr(y − z)dz
be the Feje´r approximations of v(t, y), where
Φr(z) =
∑
k¯∈Zm,|k¯|∞≤r
m∏
j=1
(
1−
|kj|
r
)
e2piik¯·z = r−m
m∏
j=1
sin2 pirzj
sin2 pizj
are the Feje´r kernels. Then
vr(t, y) =
∑
k¯∈Zm,|k¯|∞≤r
ark¯(t)e
2piik¯·y
are trigonometric polynomials with respect to the variables y, and vr(t, ·)→ v(t, ·)
as r →∞ in L1(Tm) for all t ≥ 0. In view of (2.5) with w(y) = |v(t, y)− vr(t, y)|
for all t > 0 there exists a set E(t) ⊂ Rm of full Lebesgue measure consisting of
z ∈ Rm such that the relation
N1(u
z(t, ·)− uzr(t, ·)) = −
∫
Rn
|v(t, z + y(x))− vr(t, z + y(x))|dx =∫
Tm
|v(t, y)− vr(t, y)|dy (2.6)
holds for all r ∈ N, where ur = u
z
r(t, x) = vr(t, z + y(x)), u = u
z(t, x) = v(t, z +
y(x)). It is clear that the set G of pairs (t, z) ∈ [0,+∞)× Rm, which satisfy for
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all r ∈ N the equality (2.6), is measurable. We use here the fact that, due to the
estimates (
N
N + 1
)n
N−n
∫
CN
w(x)dx ≤ R−n
∫
CR
w(x)dx ≤
(
N + 1
N
)n
(N + 1)−n
∫
CN+1
w(x)dx, ∀N ∈ N, N ≤ R < N + 1,
which hold for every nonnegative function w(x) ∈ L1loc(R
n), existence of the mean
value −
∫
Rn
w(x)dx is equivalent to existence of the limit
lim
N→∞
N−n
∫
CN
w(x)dx = −
∫
Rn
w(x)dx.
Since all sections
Gt = { z ∈ R
m | (t, z) ∈ G } = E(t)
of the set G have full measure, it has full Lebesgue measure as well, by Fubini’s
theorem. By Fubini’s theorem again, there exists a set E2 ⊂ R
m of full measure
such that the sections
F (z) = Gz = { t ≥ 0 | (t, z) ∈ G }
are sets of full Lebesgue measure in [0,+∞) for each z ∈ E2.
Now we choose a sequence zl ∈ E1 ∩ E2 converging to zero as l → ∞. By
Proposition 1.1 for a.e. t > 0
I1(u
zl(t, x)− u(t, x)) ≤ I1(u
zl
0 (x)− u0(x)). (2.7)
We denote by F1l ⊂ [0,+∞) the set of t, which satisfy (2.7). Let F2l = F (zl) ⊂
[0,+∞) be the sets of full measures, consisting of t ≥ 0 such that equality
(2.6) holds with z = zl for all r ∈ N. Observe that in view of the relation
vr(t, ·) →
r→∞
v(t, y) in L1(Tm), it follows from (2.6) that uzl(t, ·) ∈ B1(Rn) and
Sp(uzl(t, ·)) ⊂M0 for t ∈ F2l. We set F =
⋂
l∈N
(F1l ∩ F2l). Then F ⊂ [0,+∞) is a
set of full measure, and for each t ∈ F uzl(t, x) ∈ B1(Rn) for all l ∈ N. Observe
that
I1(u
zl
0 (x)− u0(x)) ≤
∑
k¯∈J
|ak¯||e
2piik¯·zl − 1| →
l→∞
0,
where J ⊂ Zm is a finite set ( the spectrum of v0(y) ). Now it follows from (2.7)
that I1(u
zl(t, x) − u(t, x)) → 0 as l → ∞. This implies that the limit function
u(t, ·) belongs to the Besicovitch space B1(Rn). Besides, since Sp(uzl(t, ·)) ⊂M0
for all l ∈ N, then in the limit as l → ∞ we obtain the required inclusion
Sp(u(t, ·)) ⊂M0.
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Let us demonstrate continuity of the map t→ u(t, ·) ∈ B1(Rn). Suppose that
t, t′ ∈ F . Obviously, for each r ∈ N
−
∫
Rn
|vr(t
′, z + y(x))− vr(t, z + y(x))|dx =
∫
Tm
|vr(t
′, y)− vr(t, y)|dy,
This relation in the limit as r → ∞ implies, with the help of (2.6), that for all
l ∈ N
N1(|u
zl(t′, ·)− uzl(t, ·)|) = −
∫
Rn
|v(t′, zl + y(x))− v(t, zl + y(x))|dx =∫
Tm
|v(t′, y)− v(t, y)|dy. (2.8)
Passing to the limit in (2.8) as l → ∞ and taking into account (2.7), we arrive
at the relation
N1(|u(t
′, ·)− u(t, ·)|) =
∫
Tm
|v(t′, y)− v(t, y)|dy →
t′→t
0.
This relation shows that the map t → u(t, ·) is uniformly continuous in B1(Rn)
on F ∩ [0, T ] for arbitrary T > 0. Therefore, it can be uniquely extended as
a continuous map t → u(t, ·) ∈ B1(Rn) on the whole half-line [0,+∞). We
see that, after possible correction of u(t, ·) on a set of null measure, this map
is continuous in B1(Rn). Notice also that u(0, x) = u0(x) ( this readily follows
from the fact that 0 ∈ F ). Since u(t, x) is bounded, we conclude that u(t, x) ∈
C([0,+∞),B1(Rn)) ∩ L∞(Π). The first statement is proved.
To prove the decay property, we notice that for every k¯ = (k1, . . . , km) ∈ Z
m
k¯ · ϕ˜(u) =
m∑
j=1
n∑
k=1
kjλjkϕk(u) = λ(k¯) · ϕ(u),
where λ(k¯) =
m∑
j=1
kjλj ∈ M0. It now follows from our assumption (1.11) that the
functions u → k¯ · ϕ˜(u) are not affine on non-empty intervals. This means that
non-degeneracy condition (1.13) is satisfied (with L′ = L = Zm). As follows from
the result of [18], the periodic e.s. v(t, y) satisfies the decay relation:
lim
t→+∞
∫
Tm
|v(t, y)− C|dy = 0, (2.9)
where C =
∫
Tm
v0(y)dy = −
∫
Rn
u0(x)dx.
Now we choose a vanishing sequence zl ∈ E1∩E2 and the set F ⊂ [0,+∞) of full
measure as in the first part of our proof. By (2.5) with w(y) = |vr(t, y) − C| ∈
C(Tm)
−
∫
Rn
|uzlr (t, x)− C|dx = −
∫
Rn
|vr(t, zl + y(x))− C|dx =
∫
Tm
|vr(t, y)− C|dy.
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Passing in this equality to the limit, first as r → ∞ and then as l → ∞, and
taking into account relations (2.6), (2.7), we obtain that for all t ∈ F
−
∫
Rn
|u(t, x)− C|dx =
∫
Tm
|v(t, y)− C|dy.
Since both parts of this equality are continuous with respect to t ∈ [0,+∞),
it remains valid for all t > 0. In view of (2.9), this implies the desired decay
property (1.12):
lim
t→+∞
−
∫
Rn
|u(t, x)− C|dx = 0.
The proof is complete.
3 The general case. Proof of Theorems 1.1, 1.2
Assume that u0 ∈ B
1(Rn) ∩ L∞(Rn) is an arbitrary bounded Besicovitch almost
periodic function, and u(t, x) ∈ L∞(Π) is an e.s. of (1.1), (1.2).
Denote byM(u0) the minimal additive subgroup of R
n containing Sp(u0). Let
u0l be the sequence of trigonometric polynomials such that u0l → u0 as l → ∞
in B1(Rn), and Sp(u0l) ⊂M(u0) ( for instance we may choose the Bochner-Feje´r
trigonometric polynomials for u0, see [2] ). We denote by ul(t, x) an e.s. of
problem (1.1), (1.2) with initial function u0l(x). By Proposition 1.1, there exists
a set F ⊂ R+ of full Lebesgue measure such that for all t ∈ F for every l ∈ N
N1(ul(t, ·)− u(t, ·)) ≤ N1(u0l − u0) →
l→∞
0. (3.1)
Since the function u0l(x) has finite spectrum, then by Theorem 2.2 we see that
ul(t, x) ∈ C([0,+∞),B
1(Rn)) and Sp(ul(t, ·)) ⊂ M(u0) for all l ∈ N. In view
of uniform limit relation (3.1) we conclude, in the limit as l → ∞, that u(t, ·)
is uniformly continuous map on F ∩ [0, T ] into B1(Rn) for every T > 0, and
Sp(u(t, ·) ⊂ M(u0) for all t ∈ F . This allows to extend u(t, x) as a function
C([0,+∞),B1(Rn)) on the whole half-line [0,+∞). By continuity, we conclude
that Sp(u(t, ·)) ⊂ M(u0) for t > 0. The proof of Theorem 1.1 is complete.
Denote by Ml the minimal additive subgroup of R
n contained Sp(u0l). Then
Ml ⊂M(u0). Assume that the linear non-degeneracy condition is satisfied. Then
for each l ∈ N and for all ξ ∈ Ml, ξ 6= 0, the function u → ξ · ϕ(u) is not affine
on non-empty intervals. By Theorem 2.2 again
lim
t→+∞
−
∫
Rn
|ul(t, x)− Cl|dx = 0, (3.2)
where
Cl = −
∫
Rn
u0l(x)dx →
l→∞
C = −
∫
Rn
u0(x)dx. (3.3)
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In view of (3.1), (3.3), it readily follows from (3.2) in the limit as l →∞ that
lim
t→+∞
−
∫
Rn
|u(t, x)− C|dx = 0,
and the decay property holds.
Conversely, assume that non-degeneracy condition (1.11) fails. Then there
exists a nonzero vector ξ ∈M0 such that the function ξ · ϕ(u) = τu+ c on some
segment [a, b], where τ, c ∈ R. Then, as is easy to verify, the function
u(t, x) =
a+ b
2
+
b− a
2
sin(2pi(ξ · x− τt))
is an e.s. of (1.1), (1.2) with the periodic initial data
u(0, x) =
a+ b
2
+
b− a
2
sin(2pi(ξ · x))
such that Sp(u0) = {−ξ, ξ} ⊂M0. Obviously, the e.s. u(t, x) does not satisfy the
decay property.
Remark 3.1. The results of this paper can be easily extended to the case of
unbounded almost periodic solutions u(t, x) ∈ C([0,+∞),B1(Rn)). Indeed, if
u0(x) ∈ B1(R
n) then there exists a sequence ul(x) ∈ B
1(Rn) ∩ L∞(Rn) ( for
instance, the sequence of Bochner-Feje´r approximations for u0 ) such that ul(x)→
u(x) as l →∞ and that Sp(ul) ⊂M(u0). By Proposition 1.1 for all t > 0, k, l ∈ N
N1(uk(t, ·)− ul(t, ·)) ≤ N1(uk − ul) →
k,l→∞
0.
This implies that ul(t, x), l ∈ N, is a Cauchy sequence in C([0,+∞),B
1(Rn)).
Since this space is complete, we claim that ul(t, x) converges as l → ∞ to a
function u(t, x) in C([0,+∞),B1(Rn)). Obviously, this limit function does not
depend on the choice of a sequence ul(x) ∈ B
1(Rn) ∩ L∞(Rn). It is natural to
call the function u(t, x) ∈ C([0,+∞),B1(Rn)) a renormalized solution to problem
(1.1), (1.2), cf. the notion of renormalized solution u(t, x) ∈ C([0,+∞), L1(Rn))
defined in [1], see also further results in [11, 12]. It readily follows from the decay
property for bounded e.s. ul in the limit as ul → u that any renormalized solution
also satisfies the decay property (1.12) under non-degeneracy condition (1.11).
4 Appendix: The technical lemma
Lemma 4.1. Suppose that u(x, y) ∈ L∞(Rn × Rm),
E = { x ∈ Rn | (x, y) is a Lebesgue point of u(x, y) for a.e. y ∈ Rm }.
Then E is a set of full measure and x ∈ E is a common Lebesgue point of the
functions I(x) =
∫
Rm
u(x, y)ρ(y)dy, where ρ(y) ∈ L1(Rm).
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Proof. Since the set of Lebesgue points of u(x, y) has full Lebesgue measure, then
by Fubini’s theorem E ⊂ Rn is a set of full measure.
Let w(s) be the indicator function of the segment [−1/2, 1/2]. We de-
fine sequences (approximate unities) wν(s) = νw(νs), w
k
ν(z) =
k∏
j=1
wν(zj),
z = (z1, . . . , zk) ∈ R
k, ν ∈ N. Remark that the sequence of averaged functions
ρν(y) = ρ ∗ w
m
ν (y) =
∫
Rm
ρ(z)wmν (y − z)dz →
ν→∞
ρ(y) in L1(Rm).
This relation implies that
Iν(x) =
∫
Rm
u(x, y)ρν(y)dy →
ν→∞
I(x) (4.1)
uniformly on Rn. Notice also that
Iν(x) =
∫
Rm
uν(x, y)ρ(y)dy, (4.2)
where
uν(x, y) =
∫
Rm
u(x, z)wmν (z − y)dz.
Therefore, for x0 ∈ E
Iν(x)− I(x0) =
∫
Rm
(∫
Rm
(u(x, z)− u(x0, y))w
m
ν (z − y)dz
)
ρ(y)dy,
which implies
∫
Rn
|Iν(x)− I(x0)|w
n
ν (x− x0)dx ≤∫
Rm
(∫
Rn×Rm
|u(x, z)− u(x0, y)|w
n
ν (x− x0)w
m
ν (z − y)dxdz
)
ρ(y)dy. (4.3)
Since (x0, y) is a Lebesgue point of u(x, z) for a.e. y ∈ R
m, then
∫
Rn×Rm
|u(x, z)− u(x0, y)|w
n
ν (x− x0)w
m
ν (z − y)dxdz →
ν→∞
0
for a.e. y ∈ Rm, and by Lebesgue’s dominated convergence theorem the right-
hand side of (4.3) converges to zero as ν →∞. Thus,
∫
Rn
|Iν(x)− I(x0)|w
n
ν (x− x0)dx →
ν→∞
0. (4.4)
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In view of (4.1) we see that
∫
Rn
|Iν(x)− I(x)|w
n
ν (x− x0)dx →
ν→∞
0,
which together with (4.4) yields
∫
Rn
|I(x)− I(x0)|w
n
ν (x− x0)dx →
ν→∞
0
and shows that x0 is a Lebesgue point of I(x).
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